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Abstract 
The technique of fatigue tests of steel cross-shaped samples with a surface crack under biaxial loading is described. The sample 
and equipment for the implementation a biaxial tension and compression-tension in a working part of the sample are proposed. 
The sample and equipment for the implementation a biaxial tension and compression-tension in a working part of the sample are 
offered. Test results of structural steel 20 samples are presented. A stress effect parallel to a crack plane on its growth rate is 
determined. Crack tip plastic zone shape and sizes under various loading conditions are studied. The relationship of a fatigue 
crack growth rate and a plastic deformation area size is established. The formula to determine the growth rate of a surface crack 
under biaxial loading taking into account a plastic deformation is proposed. 
© 2015 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the Omsk State Technical University. 
Keywords: surface crack, biaxial loading, cyclic stresses, cross-shaped sample, test machine, plastic deformation area, crack growth rate 
1. Introduction 
In recent years many studies, including experimental, on the growth rate of fatigue cracks under biaxial loading 
were carried out. Biaxial loadings affect the stress propagation and crack deformations, the direction and crack 
growth rate, crack tip plastic zone sizes and shape. The effect of nonsingular cyclic stresses parallel to the crack 
plane on the growth rate of fatigue cracks is a subject of a great interest. 
From early papers, Tanaka et al [1] carried out the most serious research examining the fatigue crack growth rate 
under biaxial loadings. Biaxial fatigue tests were conducted on cross-shaped samples by a hydraulic test machine. In 
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this research the fatigue cracks growth rate dependence on different parameters of fracture mechanics was analyzed. 
The crack growth rate tended to increase under tension stresses parallel to the crack plane. 
The experimental data obtained by Kibler [2] and Miller [3] indicate the growth speed reduction under cyclic 
tension stresses, parallel to the crack plane. 
Miller and Kfouri [4] calculated by a finite-element method the size, shape of the crack tip plastic zone, and crack 
opening under biaxial loading. The authors of the paper pointed out that the analysis performed was poorly 
confirmed by experiments. It is explained by too big simplification of a crack tip stress condition. For the 
experiment 0,64 mm thickness sample of aluminum alloy with a central crack was used. The crack growth rate 
decreased in case of increasing the stress parallel to the crack. In all tests, the crack propagated perpendicular to 
tension stresses. The fracture surface analysis showed that the destruction occurred by shear under a plane stress 
condition. 
On the other hand, Livers [5] and Kitagava [6] did not find any essential effect from nonsingular tension loading, 
and Iosha [7] stated the rate increase under biaxial tension. 
Kitagava and others [8] investigated the cracks growth rate under various loading types. The diagrams were 
drawn. The stress intensity factor was calculated on the formula taking into account a biaxial stress in a crack zone. 
Polynomials reflecting a contribution to the stress intensity factor of mutually perpendicular stresses were obtained. 
The analysis of experimental results enables to conclude that the given formula correlates with the crack growth 
rate: the growth rate increased under compressive stresses along the crack and decreased under tensile stresses. 
Kannusamy and Ramesh [9] consider there are no convincing researches, which could numerically assess the 
effect of negative stresses under biaxial loading on the behavior of fatigue cracks growth. There are no real objects 
research examples. 
The research results of a numerical assessment of a biaxiality effect on the fatigue cracks growth behavior are 
presented in this paper. Besides, a simplified approach including the biaxiality effect on the fatigue cracks growth 
rate according to the charts obtained under monoaxial loading using the analytical approach without carrying out 
expensive crack growth biaxial tests is proposed. 
In recent years studying the fatigue cracks growth in terms of fracture mechanics the effects connected with 
plastic deformations propagation when crack sizes increase for each loading cycle are considered more often. First, 
those effects are residual stresses, crack closure, growth rate deceleration, and interaction of changeable loading 
cycles. The Wheeler model [10] and Willenborg model [11] can be referred to the earliest of such papers that still 
are widely used in practice. The Wheeler model was used for the assessment of the crack growth rate deceleration 
under overloading. The Willenborg model is based on the assumption that the crack growth deceleration is caused 
by compressive residual stresses acting in a crack tip. The effective stress intensity factor, computed after 
determining of a residual stress intensity factor is used in this model. The Willenborg model assumes that the 
compressive residual stresses are caused by the elastic metal part around the crack tip plastic zone and are equal to 
differences between the maximum stress intensity factor, arising in the preset cycle and the stress intensity factor 
required for obtaining the plasticity zone with the border determined by radius. On the other hand, these models did 
not include any empirical parameters. In other models [12-14] the effects of cracks deceleration were examined 
depending on plastic deformation sizes and shapes. 
An important role in developing of new models of fatigue cracks growth had a discovery first described by Elber 
[15]. He found that under low loads the crack behavior is as though there are no cracks. For this reason, the Paris 
equation did not give an accurate result for the crack growth rate. Elber explained it by the contact arising between 
surfaces (edges) of a crack, i.e. a crack closure. The crack closure is a result of the formation of crack tip plastic 
deformations. The plasticity zone in the crack tip under tension grows, but it is still surrounded by the elastic metal. 
When a relaxation takes place, plastically stretched material causes a crack surfaces closure, before the loading 
becomes zero. Proceeding from this, Elber assumed that the crack closure reduced the fatigue crack growth rate due 
to reduction of effective range of stress intensity factor which is to be used in the Paris formula. 
Based on the Elber model, more complicated models for calculation were developed. The Newmon's model [16] 
is one of the most well-known. 
Thus, attempts to apply the Paris formula [17] for the description of the fatigue cracks growth rate under a biaxial 
loading in the researches examined led to contradictory results: in some cases the cracks growth rate experimentally 
obtained, was higher in others cases, it was lower. We may assume that such a discrepancy is connected with a 
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fracture mechanism difference in samples used by authors and with the fact that the value IK'  does not completely 
takes into account the features of crack tip stress under biaxial loading. Because thin samples for the biaxial loading 
creation are used in experiments, the part of metal, disintegrating by the shift mechanism along planes of maximum 
shear stresses increases. In this regard it is necessary to distinguish a flat stress with a dominating fracture 
mechanism in the form of shifting in thin samples and a flat deformed state with the fracture mechanism prevalence 
in the form of pulling in samples of considerable thickness [18]. Thus, a transition to the flat deformed state brings 
to a metal brittle behavior and reduction of the plastic deformation zone. 
While formulating problems of this research we assumed that the plastic deformation zone size can be a 
measurement defining the effect of a stressed state on the fatigue cracks growth rate. 
2. Study subject 
Since the goal of modern expensive engineering designs is a continuous reliability increasing and details and 
structures durability extending, the necessity in continuous improvement while developing computation models and 
methods of their analysis [19] arises. Particularly, carrying out of special tests to determine the material ability to 
resist the fatigue cracks propagation is necessary. A number of experimental works carried out in this field made 
possible a practical use of fracture mechanics to assess the strength of a cracked component. However, it should be 
noted that the most of researchers carry out tests using samples with a rectangular section under a monoaxial loading 
though in actual practice the crack, as a rule, develops under compound stress, in particular, under biaxial stress.  
Fig. 1 shows objects of pipeline transport and oil storage in which structure elements a biaxial stress arises: 
x  in a main pipeline wall hoop stresses σhp  arising from the internal pressure, are always tensile i.e. positive, and 
longitudinal stresses σln depending on a temperature difference or bending direction can be both tensile or 
compressing, i.e. negative. Therefore, a stress biaxiality factor in a pipe wall  λ= σln /σhp can be more and less 
than zero; 
x for the majority of spherical tank wall points (for example, in the point A) under an excessive pressure the 
biaxiality factor is  t m 0O V V !  x in a vertical cylindrical tank wall the longitudinal axial stresses are always compressing, and hoop stresses under 
the excessive pressure are tensile 0O  . 
 
  
 
a b c 
Fig. 1. Stress in elements of structures: (a) a pipeline; (b) a spherical tank; (c) a vertical tank 
The formula for the assessment of the fatigue crack growth rate under biaxial loading was suggested in the paper 
[20]. This formula was developed based on the well-proved Paris formula and looks like 
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nIda dN C 1 k KO '    ,                                                                                                                   (1) 
where x yO V V  is the load biaxiality factor defined as the relationship of stresses parallel to the crack plane 
xV   and crack opening stresses yV ; k  is the material constant specifying it's sensitivity to the biaxial load and it is 
the subject be defined in the experiment. 
The basis in developing of such a crack growth criterion there were results of experimental researches conducted 
using a widespread aluminum alloy AK6 under different types of loading. Thus, it was supposed that a hypothetical 
uniform criterion makes sense only if a fracture in all cases of loading occurs according to the same mechanism. 
However in this paper the crack tip stress condition was examined only in the elastic state, which does not reflect a 
real process of a metal deformation. 
The tests carried out using steel samples were to be a natural continuation of the work mentioned above. 
3. Methods 
The tests were carried out using samples of structural steel 20 [21]. The load biaxibility was achieved by applying 
cross shaped samples with a 10 mm working part thickness (Fig. 2). On one side of the sample working part the 
concentrator was horizontally applied, from which a surface crack while carrying out the tests arose.  
 
 
 
a b 
Fig. 2. Appliances for biaxial tests; (a) stress-tension; (b) tension-tension; 1 – cross shaped sample; 2 – drawbars 
 
Samples loading was conducted at GRM-I with a pulsator. In a vertical direction the tensile loading 
(perpendicular to the crack plane) was obtained directly from testing machine heads. To generate a horizontal 
loading special appliances reversers were developed and used. 
According to the experiments' results, relationship diagrams of the surface crack depth а   and the loading cycles 
number N were constructed (Fig. 3). Under the stress-tension ( 0,9O   ) the crack growth rate was lower, and 
under the biaxial tension 0,5O  it was higher, than under the monoaxial loading. The tests results were presented 
in logarithmic coordinates Ida dN K' and the Paris formula parameters (1) [22] were determined. 
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Fig. 3. The effect of the loading method of a cross shaped sample of steel 20 on the fatigue cracks growth, yV = 150 MPa 
Based on the experimental results analysis in this research the assumption was made, that crack tip plastic 
deformations affect the crack growth rate under biaxial loading. It should be noted that modern scientific literature 
practically has no reports where researches of the dependence between shapes and sizes of a plastic deformation 
zone in the front of a surface crack and a biaxibility loading degree are described. A crack simulation and a stress-
strain state (SSS) in a surface crack zone computation were carried out in the ANSYS program. 
Figure 4a shows a fracture surface of one of steel 20 cross shaped samples. Owing to a cross shaped sample 
symmetry only its fourth part was examined while simulating a crack. To simulate a crack growth a geometrical 
model (Fig. 4b) including an initial crack 1, a crack progression sequence 2 and a static fracture zone 3 was 
prepared. Initially a crack surface was imposed by boundary conditions restricting perpendicularly movements. 
Then the allocated surface parts with a crack consistently were released for free movement. 
 
 
 
a b 
Fig. 4. The surface crack front simulation in the steel 20 sample: (a) a sample fracture surface with a semielliptical crack; (b) a fatigue crack 
growth model 
When analyzing SSS in a crack sample the method of superposition or submodeling was used. At the first stage 
the cross shaped sample was broken into finite elements in the form of a uniform grid (Fig. 5a), at the second stage 
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only the central part was allocated, for which a grid reduction to a crack tip up to 0,01 mm to simulate singular 
phenomena (Fig. 5b) was carried out. 
 
  
a b 
Fig. 5. The SSS examination of a cross shaped surface crack sample 
The change of sizes and shapes of the plastic deformation zone along the surface crack front in a cross shaped 
sample under various load biaxibility factor values O  was analyzed. The size of plastic deformation zone was 
determined by the isoline corresponding to the stress of 1% higher than a material yield limit, i.e. 1,01 σy (Fig. 6a). 
To study SSS along the internal crack front the sample was divided into the planes, perpendicular to the crack front, 
in every 10 degrees, starting from an external surface (Fig. 6b).  
 
 
 
a b 
 
Fig. 6. Defining the shapes and sizes of a plastic deformation zone: a - in the crack tip; b – along the surface crack front 
4. Results and discussion 
The tests for steel 20 were carried out for the following load biaxiality 0; 0,5; 0,9O    . For each test the 
diagrams of relationship between the fatigue surface crack growth rate da dN and the stress intensity factor range 
IK' according to the Paris law [17] (Fig. 7) were constructed. The crack size а  is its depth growing into a sample 
and in the test, it was determined by the established ratio with the size measured on a front sample surface. 
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Fig. 7. The diagrams of relationship between the surface crack growth rate da dN and the stress intensity factor range IK'  
 
The analysis of data obtained in experiments shows that the fatigue cracks growth rate under biaxial loading can 
not be described by one Paris equation. For each O  value, there are various material constants C and n. 
Obviously, for practical using it is necessary to develop a crack growth rate formula, which could take into account 
deformation properties of a material under different types of loading. 
The task of this research was to establish a relation between the fatigue crack growth rate and the crack tip plastic 
zone propagation. As the diagrams in figure 8 show, with the stress intensity factor growth both the crack growth 
rate da dN and the area of plastic deformation zone F grows. The loading technique of a cross shaped sample 
characterized by the biaxibility factor O , changes the above parameters in the opposite sense: under a biaxial 
tension the crack velocity increases, and the plastic deformation area decreases; under the tension – compression, on 
the contrary, the crack velocity decreases, and the plastic deformation area increases, compared to monoaxial 
loading. 
  
a b 
Fig. 8. IK' and O effect on a surface crack growth: a) growth rate da dN ; b) plastic deformation zone area F  
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Thus, the task is reduced to the definition of a criterion reflecting the effect of the second component of a stress 
field, parallel to the crack plane, on its growth rate. It is required also that experimental studies are to be made only 
as monoaxial tests of samples with a crack. 
The experimental data analysis and plastic deformation zone sizes computation results enabled to assume that a 
crack retardation can occur due to the energy dispersion at a plastic deformation of a metal. In this regard, the 
retardation crack value is to correspond to the relation of values characterizing the intensity of plastic deformations. 
Under the biaxial loading it is easy to look for the correlation between the relation of fatigue crack rates 0V VO and 
the plastic deformation zone areas 0F FO where ,V FO O are defined due to a set stresses biaxibility factor; 0 0,V F  
are defined under monoaxial loading. Then the velocity under  biaxial loading can be presented as follows  
0
0
0
F FV V V
F
O
O
§ ·  ' ¨ ¸© ¹
.                                                                                                                       (2) 
Further taking into account the Paris formula and the assumption that parameters С and n for the material 
remain invariable 
0
0
n n
I I
F FV C K C K
F
D
O
O
§ · '  '¨ ¸© ¹
. 
Finally the fatigue crack growth rate equation is 
 0 nIV C F F KDO O ' .                                                                                                                                  (3) 
To determine the exponentD , the diagram of relationship between the plastic deformation zone area and the 
stress biaxibility extent is required, one of such diagrams is given as an example in Fig. 9.  
 
 
Fig. 9. The relationship between the plastic deformation area and the stress biaxibility extent under stress the  σy= 150MPa for steel 20 
This diagram was drawn based on calculations’ results for the crack depth 7a mm  and opening crack stresses σy= 150MPa. Earlier in paper [22] coefficients for the Paris formula were determined: 13C 1,14 10   and. 
4,5n  . The crack velocity VO and 0V was determined by diagrams (Fig. 3 and 8). 
The solution of the equation (3) resulted in obtaining of the exponent 0,2D   .   
The diagrams obtained as a result of experiment are given in figure 7, there are also the results of calculations of 
crack growth rate under biaxial loading made by the formula (3) on the diagrams. Apparently, rather good 
agreement of experiment results and calculations is obtained, proving that a developed fatigue crack growth model 
is correct. 
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The obtained equation (3) can be transformed by introducing the concept of equivalent stress intensity factor 
n
I eqvV C KO  ' ,                                                                                                                                                 (4) 
 0 nI eqv IK F F KDO'  '                                                                                                                             (5)  
The equations (4) and (5) enabled constructing a uniform kinetic diagram in logarithmic coordinates (Fig. 10). 
 
 
Fig. 10. A general kinematic diagram for steel 20 
5. Conclusion 
The conducted researches enabled to establish the relation between the surface fatigue cracks growth rate under 
biaxial loading and the crack tip plastic zone propagation. This approach makes it possible to carry out only 
monoaxial tests to determine the Paris formula factors in examining of complex loading of structural parts and 
elements. For biaxial loading it is enough to calculate the plastic deformation zone areas for monoaxial (basic) 
loading and for biaxial loading with the set loading biaxibility factor O . Then the growth rate adjustment depends 
on the relation of plastic deformation zone areas and is made using the formula (3). 
The following important phase of the research is represented as follows: 
x to examine the applicability of the obtained formula (3) for other steels using the same exponent  0,2;D     
x to carry out similar researches for other metals (for example, aluminum alloys) to define D exponent. 
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